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Abstract

Oil film adherence is one of sources of uncertainty for bell prover since it occupies the part of calibrated volume after bell is withdrawn from the bath at a constant velocity. Surface tension should be considered in determining uniform thickness of oil film entrained by the lifted bell casing at low speed. Drainage of oil film results in the decreasing thickness until the thickness reaches practically stable during the bell’s dwell period. The falling film flow equation with lubrication approximation is employed to obtain the time evolution of film profile. In order to consider the effect of rough surface on drainage behavior, the falling film is separated into the interconnected two layers, and rough surface is modelled as the structure of micropillar arrays. The computational results show that the drainage on rough surface is slower than that on smooth surface because of the increased viscous resistance inside liquid film. The time evolution of film profile not only presents the time when the film thickness at a certain location starts to decrease but also show how long it takes to approach the final stable thickness. Thus, it is useful for examiners to interpose a substantial dwell prior to running test to obtain state stability and to reduce emptying error.


1. Introduction

Bell prover is used as a primary standard for testing gas flow rate in calibration laboratories worldwide [1], and much effort has been devoted to measuring its volume and evaluating its uncertainty. Oil film adherence is one of the sources of uncertainty since it occupies the part of calibrated volume after bell is withdrawn from the bath at a constant velocity. This phenomenon is familiar in chemical solution processing where solution remaining on the wall of an emptied vessel becomes the "emptying error" in measurement of liquid volume [2]. 
For flow rate measurement, liquid film formation not only leads to indicated volume more than the actual occupation by air, but increases the effective weight of bell. The gas pressure inside bell prover does not remain constant although the prover is originally in balance with the configuration of buoyancy compensator and liquid level compensator; it has to increase a little to counteract the weight of the liquid film. Under the assumption of unchanged ambient pressure and temperature, the decrease of liquid adhesion amount results in pressure variation inside bell from the beginning to the end of test run. Thus, the actual mass of gas displaced out of the prover is related with pressure variation and the volume slightly less than calibrated portion, which is often taken as one of the sources of uncertainty. Generally, determining the thickness of liquid film by theoretical analyses or empirical formula is needed in uncertainty evaluation. Employing diverse analyses and equations brings significantly different results.  Firstly we review several typical expressions and probe into the reason for the differences. Secondly, the drainage of liquid film consequentially results in the decreasing thickness until the thickness reaches practically stable during the bell’s dwell period. Previous investigation showed that the variation of film thickness with time, based on a balance between viscous resistance and gravity, ends up with negligible thickness in view of the smooth wall assumption. However, the fact is that if evaporation or solidification process does not take place, liquid film adherence is always observed although bell casing has been left to stand for a long time. Textured or rough surface prevents the liquid film drainage to a certain extent. Based on the thin film flow equation within the framework of lubrication approximation, we present the time evolution of film profile and determine the film thickness on rough surface by numerical computation.
2. Liquid film adhering to the lifted bell casing
Smith [3] investigated the effect of liquid film adherence on volume error of bell prover. He divided calibration process into three stages: raising, dwell and lowering. As the result of his simplification of boundary layer equations, he thought the maximum thickness of the liquid film at any stages in its development was
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where h, u0, μ, ρ and g are the thickness of liquid film,  average withdrawal speed, dynamic viscosity, gravity acceleration respectively. At raising stage, liquid film follows a parabola increase from zero to fully developed with uniform thickness along the vertical distance from the leading edge of the boundary layer, and a distance-average thickness of liquid film is given as 
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Wright and Mattingly [4] adopted this equation and determine the volume of liquid adhering to the bell to evaluate the net change in gas volume. KRISS [5] also applied this method in uncertainty evaluation procedure of bell provers. According to Chinese verification regulation, we follow an empirical formula based on the study of former Soviet researcher owing to historical reasons, which can be written as
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Landau & Levich [6] theoretically studied the deposition of liquid film after the plate is withdrawn out of the reservoir at a constant speed. They pointed out that in the practical case of slow withdrawal of a solid from liquid reservoir, capillary forces play a basic role and disregarding them would lead to completely inaccurate results. Their approach was to subdivide the liquid surface into two regions, one in which the liquid, with uniform and very small thickness, is directly entrained by the vertically translational plate, another region features a static meniscus without being affected by the motion of the plate. In order to determine the liquid flow along the plate, the hydrodynamic equations are solved separately for each region, and the curvature of each region should be matched to each other at the join of two regions. The volume flow rate per unit width of plate is given as
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where σ is surface tension. The liquid film adhering to the upper portion of plate remains uniform thickness, h:
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As for the bell with larger inner diameter, the expressions about liquid adherence to vertical plate can approximately be applied to columned bell casing. Thus, we apply Equation (2), (3) and (5) to determine average thickness of liquid film respectively under the following conditions: the bell casing is lifted by an air blower at the speed of 0.0162 m/s, the sealant liquid is Shell Morlina Oil 5, its physical properties at 20(C include: ρ = 869 kg/m3, μ = 4.35×10-3Pa·s, σ =0.032 N/m, and water at 20(C is also involved. As shown in Table 1, the results of calculation using Chinese verification regulation and Landau-Levich equation are relatively closer to each other, whereas the thickness determined by Smith’s equation shows a significant difference. As mentioned previously, Equation (2) denotes the distance-average thickness since there is a parabola increase from zero to fully developed film thickness according to Smith’s description. If we take dominant section with uniform thickness as what we concern about, the thickness of liquid film would be 0.0910mm (for oil) and 0.0409mm (for water), almost three times larger than those calculated by Landau – Levich equation.

Table 1. Evaluated thickness of liquid film
	Equation
	Thickness (mm)

Shell Morlina Oil 5
	Thickness (mm)

water

	Smith
	0.0606
	0.0273

	Chinese verification regulation
	0.0332
	0.0127

	Landau - Levich
	0.0310
	0.0095


Simple comparison among aforementioned equations suggests omitting surface tension or not might be the reason for significant difference in film thickness. Landau and Levich neglected a term, ρgQ2/(3μu03) of third-order ODE which denotes the liquid motion entrained by lifted plate, and under substitution of Equation (4) this term can be simplified as:
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Thus Equation (4) introduces an applicable condition, i.e. the derived expressions about flow rate and film thickness are valid if μu0 << σ or μu0 /σ << 1, otherwise the liquid film thickness would exclusively depend on g, ρ, μ and u0 if the withdrawal speed is much larger than constant, σ / μ, for a given fluid. 
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For water or normal oil as sealant, surface tension is larger than 30 mN/m, and dynamic viscosity is less than 1000cP, Landau-Levich’s solution is always valid in practice as long as bell casing is lifted up slowly. Therefore the liquid film is not as thick as some researchers presented based on Smith’s study. It should be noted that the dwell stage is more important than raising stage since liquid film drainage determines the final film thickness which has influence on “emptying error”. Experienced examiner interposes a substantial dwell prior to running test to obtain mechanical stability of bell casing, but more often, they are waiting for stable pressure and temperature inside bell since air conditioning is not always be possible to produce desired ambient condition within a short time. Therefore what we should be concerned with is gravity-driven thin film flow.

3. Physical model and computational method

3.1 Evolution equations

The dynamics of gravity-driven thin film flow can be analytically described within the framework of lubrication approximation or long-wave approximation [7]. It is assumed that the film is thin enough that the Reynolds number is negligible. In the limit of vanishing Re, the liquid is so viscous that the inertial terms can be safely ignored. Another fact is that the film thickness is much thinner than any in-plane dimension, so the normal component of velocity, much less than the in-plane velocity components, can also be neglected. The mass conservation equation is written in the form related to film thickness h and in-plane velocity v.
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Substitution of the well-known quadratic velocity profile leads to the following PDE which governs the time evolution of the film thickness along vertical direction.
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As mentioned earlier, once the withdrawal stops, the liquid film, far from the front edge of falling film, uniformly adheres to vertical plate. Therefore an initial thickness hi is utilized to define the scale, and we only consider film thickness varying one-dimensionally in this work. Thus coordinates and time are respectively scaled by
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A nondimensional version of Equation (9) with the scaled variables defined by Equation (10) is written as:
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Although the nondimensional Equation (11) is simple, it should be noted that the fourth order term devotes the capillary effect representing the relative effect of viscous force versus surface tension acting across on liquid-gas interface, while the second order term suggests the gravity contribution. The drainage of a wetting film deposited on a vertical plate has been discussed by Jeffreys [8]. He remained the gravity term and neglected the capillary term so as to describe the film thinned by gravity. Jeffreys’ classical solution for transient film drainage can be written as two equations with the velocity scale about the initial thickness hi as the dividing mark.
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The equations shows that the film thickness is inversely proportional to the square root of time, but it should be noted that this solution is valid only after t second the film has everywhere thinned less than the initial thickness along a vertical length x, while the liquid with constant thickness still remains on the rest part of vertical plate. This suggests that as length x and time t meet the certain condition about initial thickness hi, film thickness, time and length are self-similar.
Jeffreys’ solution expresses a balance between gravity ρg and viscous resistance μū/h2 on the assumption that the solid surface is smooth, and it can be predicted that the film thickness would become infinitesimal as long as the time is long enough. However, the fact is that liquid film with definite thickness still adheres to solid if evaporation or solidification does not take place. One can speculate that there is a thin layer in the immediate vicinity of a solid surface where the viscous resistance, larger than gravity effect, prevents drainage. Recently Seiwert et al. ([9]

 REF _Ref454911795 \r \h 
 \* MERGEFORMAT [10]) treated actual material as rough or textured solid surface. Their quantitative analyses models rough substrates with square arrays of micropillar with well-defined height hp, radius b and mutual distance d (as sketched in Figure 1). Hence, they proposed interconnected two layers of liquid, as shown in Figure 2. The thickness of the near-wall sublayer is equal to the micropillar’s height, and liquid flow is trapped in micropillar thicket (trapped layer) so that the characteristic viscosity is αμ (α > 1) due to the increased friction. In the second layer with the thickness of hf from micropillar peak to liquid free surface (free layer), the viscosity is still μ. Since the factor α depends on the friction arising from the bottom surface and micropillar walls, effective viscous resistance becomes μū/hp2+μū/d2, i.e. α ~ 1+hp2/d2. Thus the characteristic viscosity varies with the geometrical ratio (hp / d) of square arrays of micropillar. Seiwert et al. presented the parabolic velocity profile in each layer respectively with the continuity at the boundary between them based on effective viscosity approximation. As shown in Figure 2, the velocity profile in the respective layers does not harmonize with each other, and the magnitude of film velocity for rough surface is less than that for smooth surface due to the increased viscous resistance. Consequently, the total flow rate of falling film, per unit width perpendicular to the plane, can be expressed by the function of the thickness of free layer hf(x,t):
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Figure 1: Textured solid covered with square arrays of micropillar.
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Figure 2: Velocity profiles in the interconnected two layers of liquid.

The film thickness variation rate with time is equal to that in free layer due to the conservation of flux:
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which leads to the following nondimensional time evolution equation for the film thickness hf(x,t) in free layer.
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3.2 Computational method

The numerical method used to solve the nonlinear PDE(Equation (15)) is an explicit finite differential scheme. For the discretization of four-order term, we use the following scheme:
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This scheme leads to a five-point stencil with two ghost nodes on each side of the computational domain. It can be readily verified that the scheme is second-order precision. The lower order term is discretized by second–order center difference [11].
Unlike experimental or theoretical analyses about the film thickness evolution in which steady flux supply is at the top of plate or the fluid thickness keeps constant at the inlet of computational domain, we consider the transient drainage with a fixed volume of the fluid, i.e. there is zero flux at the upstream boundary, so the fluid thins with time. It is easy to deduce the following boundary conditions according to conservation of mass, where L is the domain size.
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We use Shell Morlina Oil 5 as working fluid, and the initial film thickness is 0.03mm. Geometrical characteristic of square arrays of micropillar involves hp = 10.2 μm, d = 15 μm, and factor α = 1.46.
3. Results and discussion

Firstly, we explore the surface tension effect on film profile for a smooth vertical surface. A parabolic initial condition is utilized to start the flow, below which we set a precursor preceding the film front with the nondimensional thickness of 0.004 in order to circumvent the contact line paradox [12]. Figure 3 shows a film profile evolution within 1200s. The surface tension dominates at the front of the flow and causes the capillary ridge. The term capillary ridge describes the bump showing ahead of the spreading liquid, and this phenomenon occurring in the lengthwise direction can be witnessed in most experiments about falling film flow. The computational film profile without surface tension involved is shown in Figure 4 compared with the data extracted from Figure 3 at t = 600s. One can note the significant difference between them at the front of the flow. Moreover, the location of each front is also different because the surface tension effect holds the liquid, and the flow is slowed down.

[image: image21.wmf]
Figure 3: Evolution of film profile, initial condition is a parabolic profile.
[image: image22.wmf]
Figure 4: Comparison of film profiles between the calculation with and without surface tension at t = 600s.

As for gravity-driven liquid film flow in the case of bell prover, initial liquid film, entrained by bell withdrawal, has adhered to bell casing as the dwell stage starts. Thus, the initial condition is that nondimensional film thickness increases parabolically from 0.004 to 1 and keeps constant to the end. Figure 5 shows the film profiles at t = 5.67s and t = 12.2s with smooth and rough surface respectively. Capillary ridges occur in both conditions due to the numerical model incorporating the surface tension effect. The thinning film is found as soon as time advances, however thinning process only occurs within a short distance during a certain initial period, and the rest of film thickness remains initial value. This is accordant with Jeffreys’ piecewise solution (Equation (12)) in which both time and distance have to meet the specific condition, i.e., it spends t = 5.67s to make the film less than the initial thickness (hi = 0.03mm) everywhere along a vertical length of 10mm. In our computation, the decrease of film thickness is indeed detected after 5.67s if a probe is set at x = 10mm, while for rough surface, it takes even longer to detect the decrease at the same location.

[image: image23.wmf]
Figure 5: Comparison of the film profiles between smooth and rough surface at t =5.67s and 12.2s.

The drainage is slower on the textured solid or rough surface than that on smooth surface because of the increased viscous resistance. Figure 6 shows the viscous film thickness varying with time. The probe is set at 0.5m below the leading edge of liquid film. The decrease of film thickness occurs at t ≈ 300s, and it takes about 45 minutes to approach the height of micropillar, then it is trapped into the sublayer in which it is impossible to determine the variation of film thickness by the current model. Actual flow regime depends on the texture structure. A dense array leads to surface effect much larger than gravitational effect, so that a viscous liquid such as sealant is likely to remain trapped for a long time.
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Figure 6:  Film thickness as the function of time, and the probe is set at x= 0.5m
7. Conclusion

The residual oil film on the rough inner wall of bell prover deserves necessary concern because it leads to indicated volume more than the actual occupation by air, especially in the uncertainty evaluation of bell prover. Surface tension should be considered in determining uniform thickness of oil film entrained by the lifted bell casing at low speed. The so-called "emptying error" can be evaluated by determining the final thickness of liquid film because gravity-driven drainage thins film at bell’s dwell stage. Experienced examiners interpose a substantial dwell prior to running test to obtain mechanical and state stability, and it is necessary to obtain effective drainage time. We employ film flow equation to observe the time evolution of film profile, and rough surface is modelled as the structure of micropillar arrays, which separates liquid film into two layers. The increased viscous resistance in both layers slows down the decrease of film thickness, thus it takes longer than smooth surface to approach the small thickness which is relevant to the texture of bell casing.
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